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1 Introduction 
Maol! investigated the stochastic functional differential equations 
AX (t) = f(Xe,t) dt + 9(Xt,t)dB(t), to St <T, (1) 


at phase space C([~r, 0], R4), where f : R? x [to,T] > R%, g: RÊ x [to, T] ~ R2*™ are Borel 
measurable functions. The initial value is given by X;, = Xo € M?((to — 7, to]; R27). Under the 
uniform Lipschitz condition and linear growth condition, he obtained that the systems (1) had 
a unique solution X(t) € M?([to — 7, T]; R?), where to € R, T>0, 7 > 0. 

Recently, Wei!?] and Xu!’! had proved the existence and uniqueness of solutions for stochastic 
functional differential equations with infinite delay at phase space BC and B, respectively. For 
simplicity, throughout this paper, we take tg = 0. The authors improve linear growth condition 
of [3] to weaken linear growth condition in this paper, consider a d-dimensional stochastic 
functional differential equations with infinite delay at phase space B 


dX(t) = (Xat) dt + 9(Xr,t) dB), 0<t<T, (2) 


where X; = {X(t +0): —œ < 6 < 0} can be regarded as a B-value stochastic process, 
f: Bx {0,T] > R? and g : B x [0,T] > R?*™ are Borel measurable functions. The initial 
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value is given by 
Xo = € = {E(8) : 00 < 8 < 0} € M?( (—co, 0]; R*). (3) 


Under the weaken linear growth condition and uniform Lipschitz condition, the result that 
the system (2) has a unique solution on the interval [0, o0) is obtained. Further, the moment 
estimate for the error between approximate solution and accurate solution is given. 


2 Preliminary 


Let (Q,F,P) be a complete probability space with a filtration {F,}:>0 satisfying the usual 
conditions, and B(t) be an m-dimensional Brownian motion defined on complete probability 
space, that is B(t) = (B1(t), Bo(t),--- , Bm(t))?. Let B be the real vector space of real functions 
mapping from (—oo,0] to R”, and denote the semi-norm by |- |, (see [4,5] for details). Phase 
space B satisfies the following conditions: 

(Bı) For any y € Band any 0 <a < œ, if z is a R”-value function defined on (—co, o +a) 
with £z- = y, and z is a continuous function on [0,0 +a). Then for any t € [0,0 +a), it follows 
that x; € B, moreover x; is continuous with respect to t. 

(B2) There exists a continuous function K(f) > 0 such that |y|, < K(8)|y|!-99 + lelg 
for any y € B and any £ € [0, 00), where 


Iy|I-2-9) = sup { \p(6)|, -8 < 8 < 0}. 


(B3) There exists a continuous function M(8) > 0 such that |r| < M(@)|y|, for any 
y € B and for  € (0,00), the linear operator 7° : B — B® is defined by [r®y](0) = v(G + 0). 

(B4) There exists a positive number N such that |y(0)| < Nly|, for any y € B. 

Hale and Katol4! had proved that phase space B was a Banach space. 

Definition 2.1 The R?-value stochastic process X(t) defined on —oo < t < T is called 
the solution of the system (2) with initial data (3), if it has the following properties: 

(i) X(t) is continuous and {X (t)}o<t<r is Fy-adapted; 

Gi) {F(Xet)} € £1((0, T]; R°) and {9(Xi, t)} € £2(10, T]; R&™); 

(ii) Xo = &, and for each 


t t 
O<t<T, X(t) =€(0) +f f (Xs, s8)ds +f g(Xs,s)dB(s), as. 
0 0 
X(t) is said to be unique, if any other solution X(t) is distinguishable from X (t), that is 
P{ X(t) = X(t), for all — œ <t < T} =1. 


3 Existence and uniqueness of the solutions 


Theorem 3.1 Assume that there exists two positive constants K and K such that (weaken 


linear growth condition) for any t € [0, T] 


110,8)? v lo, 0|? < K, (4) 
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(uniform Lipschitz condition) for all y, y € B and t € [0, T], it follows that 
2 dai: 
|t) = FDL? V Jalot) — 9,0)" < Kle— vie, (5) 


then the system (2) has a unique solution X(t). Moreover, X(t) € M?((—0o, T]; RÊ). 

First, let us prove a useful lemma. 

Lemma 3.1 Suppose that the weaken linear growth condition (4) holds. If X(t) is the 
solution to the system (2), then 


E( sup IX(#)?) < Ble O Er OW), (6) 
-—oo<t<T 


where 
+ POE rit). 


C = 3N?B|é/2 + 6T(T + (kK EVT 


In addition, X(t) € M?((—00, T]; RÌ). 
The proofs of Theorem 3.1 and Lemma 3.1 are similar to the proof of [2]. 


Define the Picard sequence 


t t 
X”(t) = €(0) + I H(XE-}, s)ds + f o(X2-}, s)dB(s), (7) 
0 0 
it is easy'to check that for any n > 0, 
E( sup |xX*1(s)—x"(s)|") < cua" 2h , OStS<T, (8) 


O<s<t 
where 


C =4T(T +1)(K + KEJE), J(@) = 2K(T + 1)G(8). 


Then the estimate of error for the approximate solution and accurate solution is follows. 
Theorem 3.2 Let X(t) be the unique solution of the system (2), X” (t) be defined by (7). 
If the conditions (4) and (5) hold, then for any n > 1, it then follows 
2C ver e24(8)T (9) 


B( sup |x") -x(|’) < 


Proof One easily finds that 


E( sup |x"@ - x’) < JE) [ B( sup |X) -XO P)as 


O<s<t 


IA 


t 
2J(/) f = B( sup |X"(r) - X"-1(r)? Jas 


O<r<s 
+29(0) | E( sup p [xr ) = X(r)|” ds. 


Substituting (8) into the above expression, then 


B( ap p r s)— x(s)|" ) < ee 


O0<s 


+2J(8) [= Paa |X” (r) — Xo Jas 
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Making use of the Gronwall inequality, as 0 < t < T, we have 


E( sup |X"(s) ~ xl?) < 2C [J(6)T]" eOr, 

O<s<t n! 

as t = T, the assertion (9) is the required result. The proof is complete. 
For stochastic functional differential equations with infinite delay 


dX(t) = f(X, t)dt + g(X:,t)dB(t), te [0, 00), (10) 


where f(-,¢) and g(-,¢) are mapping from B x [0,00) to R? and R¢*™. If the existence-and- 
uniqueness theorem hold on every finite interval [0,T], then the system (10) has a unique 
solution X(t) on entire interval (—00,00). It is called a global solution. In the similar way, 
Theorem 3.1 can be generalized as follows. 

Theorem 3.3 Suppose that for each real number T > 0 and each integer n > 1, there 
exists a positive constant Kr,n such that for all ¢ € (0, T] and all y, Y € B with |y|, Viv|, <n, 
it then follows that 


| F(v,t) — Ft V [ oy, t) — gt) |? < Kraly— ve. 


Suppose further that for each T > 0, there exists a positive constant Kry, such that for all 
y € B and t € [0, T], it follows that 


IAE? It? < Kr(14 lel). 


Then the system (10) has a unique global solution X(t) € M?((—0o, 00); R). 
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